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The paper deals with the evaluation of the effective elastic properties in the framework of domain decom-
position. The ﬁeld of random ﬁbre composites, for which the network of heterogeneities is complex and
leads to several numerical shortcomings, is considered. 2D representative volume elements (RVEs) of the
composite are generated and some elastic properties are estimated with the help of the double-scale
homogenization. Such methodology is reliable but turns out to be potentially inefﬁcient due to the
required size of RVEs. Two adaptations of domain decomposition methods in the framework of dou-
ble-scale homogenization are proposed to drastically reduce the calculation costs: a Schur complement
method, and a mixed Schur complement and FETI-1 method. Several numerical tests are performed
which highlight reliability and efﬁciency of the ﬁrst one in the present context.
 2013 Elsevier Ltd. All rights reserved.1. Introduction a sampling of small RVEs for which effective properties are ob-Fibre composites could lead to interesting applications in the
industrial ﬁeld. Their lightness associated to a high stiffness, a good
electrical conductivity and a low cost of production are major as-
sets which arouse a great interest in the engineering community.
Random ﬁbre composites are composed of randomly distributed
and oriented ﬁbres. Experimental measurements are sometimes
difﬁcult to set up when, for example, we consider very small scales
as in nanocomposites ﬁeld. In the present paper, the framework of
a numerical simulation of random ﬁbre composites is considered in
the prospect of the assessment of effective elastic properties. Such
a kind of process requires the generation of representative volume
elements (RVEs). An RVE can be deﬁned as a volume V large en-
ough to take into account enough informations on the microstruc-
ture of the medium (Hill, 1963; Hashin, 1983) and sufﬁciently
small to limit the calculation cost and respect a minimum scale ra-
tio with the macroscopic material (Kanit et al., 2003). Conse-
quently, a key issue is related to the assessment of the
dimensions of the RVE which strongly impact the validity of the
numerical evaluation. Two methodologies are possible (1) One
can construct a large RVE which includes a large number of heter-
ogeneities, inclusions, voids, grains, ﬁbres, . . .(2) One can generatetained from averaging the scope of results (Kanit et al., 2003; Pel-
issou et al., 2009). The second approach is known as being the most
efﬁcient (Leclerc et al., 2012; Leclerc et al., 2013) since large RVEs
cannot be handled. However, a great care must be taken when
choosing the dimensions of the small cells. Indeed an RVE has to
be large enough to avoid a bias introduced by the boundary condi-
tions (Sab, 1992; Ostoja-Starzewski, 1998) and ensure the accuracy
of the macroscopic response (Drugan and Willis, 1996).
In the present work, our choice is to consider the second ap-
proach for which the size of the RVE is assessed according to the
methodology of Kanit et al. (2003). A random draw of a complete
set of morphological parameters, namely the length, diameter, ori-
entation and spatial distribution of ﬁbres, is set up to generate one
RVE. In addition, intersections between two or more ﬁbres are al-
lowed which leads to a strongly entangled network of heterogene-
ities. Such a geometrical complexity requires a pixel-based ﬁnite
element simulation to get round the tricky step of the mesh gener-
ation (Mishnaevsky, 2005). We consider the model with an n-order
approximate geometry which was studied in this context and
exhibited interesting results in calculation time (Leclerc et al.,
2012; Leclerc et al., 2013). The basic idea consists in conceiving
the mesh according to a structured grid of quadrangular elements
the size of which is equal to the effective diameter of ﬁbres. Thus,
the critical shortcoming related to the complex geometry of the
network of heterogeneities is a priori solved.
However, the required size of simulation grids are sometimes
really important. For example, when the spatial distribution is
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tern to efﬁciently take into account the microstructure of the net-
work of ﬁbres (Jeulin and, 2005; Jeulin and Moreaud, 2006; Jeulin
and Moreaud, 2006). The efﬁciency of the method is then drasti-
cally reduced causing the explosion of the calculation cost. One
obvious solution in the current context of the fast development
of multi-core computations is to use parallel strategies. Domain
decomposition provides a solid mathematical framework which
is modiﬁed to suit such a kind of process. Non-overlapping domain
decomposition methods such as Schur complement (Agoshkov and
Lebedev, 1985) and FETI-1 methods (Fahrat and Roux, 1227; Fahrat
and Roux, 1994) have been extensively studied in this purpose dur-
ing the last two decades. Thus, their robustness and scalability
have been demonstrated and have led to numerous practical appli-
cations. Their great advantage is to reduce a global problem to an
interface problem for which the degrees of freedom number is
widely less important and the conditioning is improved. The Schur
complement method is based on the displacements while the FETI-
1 focuses on the Lagrange multipliers. Each concept has its own
advantages and drawbacks.
The aim of the paper is to adapt the Schur complement and
FETI-1 methods in the framework of the periodic double-scale
homogenization (Bensoussan et al., 1978; Sanchez-Palencia,
1980). This latter is a powerful tool to assess effective elastic prop-
erties, particularly in the ﬁbre composites ﬁeld. Both domain
decomposition methods are modiﬁed in such a manner that they
directly provide mechanical coefﬁcients such as Young’s and shear
moduli ones. Some numerical tests are performed on a set of
100 RVEs which are randomly generated depending on a complete
set of morphological parameters. Each square representative pat-
tern is subdivided into several similar subdomains for which the
continuity on the inner interfaces and the periodicity on the outer
ones are ensured. First the reliability of both methods is sequen-
tially investigated. Results highlight their suitability in the context
of high contrast heterogeneous media. Second C++ parallel algo-
rithms are set up with the help of MPI libraries. Both issues of efﬁ-
ciency and ideal number of subdivisions are discussed. The paper is
outlined as follows, (1) a reminder of both the theoretical frame-
work of the double-scale homogenization and the associated opti-
mization problem are done (2) A description of both modiﬁed
domain decomposition methods is performed (3) Numerical re-
sults are provided to evaluate their reliability and efﬁciency in
the framework of random ﬁbre composites with a high contrast
of properties.2. Double-scale homogenization
This section is devoted to a reminder of the theoretical frame-
work of the double-scale homogenization. We describe both the
asymptotic principle which the method is based on and provide
the associated variational formulation. Expression of homogenized
elastic properties is provided in the context of domain
decomposition.2.1. Setting up
The variational formulation presented and proposed in this sec-
tion is a generalization of the technique for the calculation of
homogenized coefﬁcients (Débordes, 1986) in an asymptotic
framework (Bensoussan et al., 1978; Sanchez-Palencia, 1980).
The basic idea consists in introducing an additional ﬁctitious vari-
able in test functions, which leads to a symmetric bilinear form
taking into account two unknowns related to (1) the macroscopic
strain ﬁeld E (2) the microscopic strain ﬁeld eklyðuÞ. The artiﬁce al-
lows one to directly evaluate homogenized coefﬁcients, but alsoamounts to introducing a ﬁeld representing the macroscopic stress
one R. Therefore, this term becomes a changeable data for the var-
iational problem and has to be imposed in such a clever way so
that this one leads directly to homogenized coefﬁcients. The choice
of the variational formulation is related to the fact that, as we will
show thereafter, this one is well adapted to the domain decompo-
sition technique. This remains true providing that great care is ta-
ken in the treatment of periodic boundary conditions and internal
nodes common to different subdomains.
In the general context of periodic homogenization, strain e and
stress r ﬁelds are supposed Y-periodic where Y is a unit cell (Born-
ert et al., 2001; Magoariec et al., 1675). The strain ﬁeld eklðuÞ is
then described as the sum of E regardless to local ﬂuctuations,
and a Y-periodic displacement uper as follows,
eklðuÞ ¼ Eþ eklðuperÞ ð1Þ
where the average value of eklðuperÞ over Y is equal to zero.
In the context of linear elasticity and a periodic multi-scale ap-
proach, a localization problem for which E is given, leads to the fol-
lowing equation,
divrðueÞ ¼ f inY ðþperiodic b:c: on @YÞ
rijðueÞ ¼ CeijkhekhðueÞ
(
ð2Þ
where Ceijkl is the local stiffness tensor, f is the loading and b.c.
stands for boundary conditions. @Y represents the boundary of Y.
From a theoretical point of view, e is a positive real parameter
which is supposed to tend to zero. Practically, this one is a very
small parameter (e < 103) which is the ratio between a ﬁrst scale
called macroscopic and denoted as x, and a second one called micro-
scopic and denoted as y. The displacement is denoted as ue ex-
panded according to the e parameter. We seek for an asymptotic
expansion as the form,
ueðx; yÞ ¼ u0ðxÞ þ eu1ðx; yÞ þ e2u2ðx; yÞ þ oðe2Þ ð3Þ
Hence, after expanding and reordering, we deduce the following
expression of the strain tensor,
eklðueÞ ¼ eklxðueÞ þ 1e eklyðu
eÞ
¼ ðeklxðu0Þ þ eklyðu1ÞÞ|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
e0
kl
þe ðeklxðu1Þ þ eklyðu2ÞÞ|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
e1
kl
þoðeÞ ð4Þ
with,
eklxðuhðxÞÞ ¼ 12
@uhk
@xl
þ @u
h
l
@xk
 
; eklyðuhðxÞÞ ¼ 12
@uhk
@yl
þ @u
h
l
@yk
 
ð5Þ
where h denotes the h-th component of the asymptotic expansion
of ue. In addition,
rijðueÞ ¼ Ceijklðeklxðu0Þ þ eklyðu1ÞÞ|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
r0
ij
þeCeijklðeklxðu1Þ þ eklyðu2ÞÞ|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
r1
ij
þoðeÞ
ð6Þ
thus,
ehkl ¼ eklxðuhÞ þ eklyðuhþ1Þ 8h 2 N ð7Þ
rhij ¼ CeijklðeklxðuhÞ þ eklyðuhþ1ÞÞ 8h 2 N ð8Þ
Let us remark that e0kl is then strongly analogous to the formu-
lation of eklðuÞ described in Eq. (1). Indeed, one can see eklxðu0Þ as
the macroscopic strain ﬁeld E and eklyðu1Þ as the microscopic peri-
odic strain ﬁeld the average over Y of which is equal to 0. In other
words, the ﬁrst order of the asymptotic expansion of eklðueÞ leads to
the classical formulation of the strain ﬁeld in periodic homogeniza-
tion theory.
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In the present work, we consider a second order asymptotic
expansion of Eq. (2). The process leads to two formulations for each
scale of the material. The ﬁrst one called macroscopic and related
to order (e0), in other words e free terms, the equation reads,
divxr0  divyr1 ¼ f ð9Þ
then, by averaging on a Y periodic domain, we obtain,
divx ~r0  1jYj
Z
@Y
r1ndRY ¼ ~f ð10Þ
for which, n is the outer normal to @Y ,
~: ¼ 1jYj
R
Y :dY and
1
jYj
R
@Y r
1ndRY ¼ 0 due to periodicity. Finally,
the macroscopic problem consists in ﬁnding u0ðxÞ such as,
divx ~r0ðu0Þ ¼ ~f
~r0ijðu0Þ ¼ Chomijkl e0klðu0Þ
(
ð11Þ
One can notice a strong analogy between Eqs. (2) and (11).
Hence the idea to ﬁnd Chomijkl the tensor of homogenized coefﬁcients
linking ~r0 to e0kl. On the other hand a microscopic formulation of
Eq. (2) related to order (e1) is as follows,
divy ~r0 ¼ 0 ð12Þ
and,
 @
@yj
½Ceijklðeklxðu0ðxÞÞ þ eklyðu1ðx; yÞÞÞ~ ¼ 0 ð13Þ
Eq. (13) leads to consider u1ðx; yÞ as follows,
u1ðx; yÞ ¼ eklxðu0ðxÞÞjklðyÞ ð14Þ
where jklðyÞ is a Y-periodic function which only depends on the
microscopic variable y. Thus, one can rewrite Eq. (13) depending
on jklðyÞ as follows,
 @
@yj
½Ceijpqðdkpdlq þ epqyðjklðyÞÞÞeklxðu0ðxÞÞ~ ¼ 0 ð15Þ
As u0 only depends on the macroscopic variable x, Eq. (15) can
be rewritten as follows,
 @
@yj
½½Ceijpqðdkpdlq þ epqyðjklðyÞÞÞ~eklxðu0ðxÞÞ ¼ 0 ð16Þ
hence, we can extract the following expression of homogenized
coefﬁcients,
Chomijkl ¼
1
jY j
Z
Y
CijpqðyÞ½dkpdlq þ epqyðjklðyÞÞdY ð17Þ
where the tensor is the sum of the mean of properties and a correc-
tive term related to the local disruption at the microscopic scale. In
addition, one must keep in mind that we have,
CijpqðyÞ ¼ CeijpqðxÞ ð18Þ
2.3. Variational considerations for practical applicationsWe intend to show how one can practically evaluate effective
elastic properties. Let us start with Eq. (12), we have,
 1jYj
Z
Y
@
@j
ðr0ijÞwmnðyÞdY ¼ 0 8wmn 2 H1perðYÞ ð19Þ
with,
H1perðYÞ ¼ fwmn 2 L2=gradywmn 2 L2ðþperiodic b:c:Þg ð20Þ
an integration by parts provides due to the symmetry,
1
jYj
Z
Y
r0ijeijyðwmnÞdY ¼ 0 8wmn 2 H1perðYÞ ð21Þreporting the expression of r0ij we then have,
1
jY j
Z
Y
CijpqðyÞðepqxðu0ðxÞÞ þ epqyðu1ðx; yÞÞÞeijyðwmnÞdY
¼ 0 8wmn 2 H1perðYÞ ð22Þ
and, from Eq. (14), Eq. (22) reads,
1
jY j
Z
Y
CijpqðyÞðdkpdlq þ epqyðjklÞÞeijyðwmnÞeklxðu0ðxÞÞdY
¼ 0 8wmn 2 H1perðYÞ ð23Þ
Then Eq. (23) can be rewritten as follows,
1
jYj
Z
Y
CijpqðyÞðdkpdlq þ epqyðjklÞÞðdmi dnj þ eijyðwmnÞÞdY
 1jY j
Z
Y
CijpqðyÞðdkpdlq þ epqyðjklÞÞdmi dnj dY ¼ 0 8wmn 2 H1perðYÞ ð24Þ
hence,
1
jY j
Z
Y
CijpqðyÞðdkpdlq þ epqyðjklÞÞðdmi dnj þ eijyðwmnÞÞdY
¼ 1jYj
Z
Y
CijpqðyÞðdkpdlq þ epqyðjklÞÞdmi dnj dY
¼ 1jYj
Z
Y
CmnpqðyÞðdkpdlq þ epqyðjklÞÞdY ¼ Chommnkl 8wmn
2 H1perðYÞ ð25Þ
Practically, Eq. (25) can not be directly used to determine effec-
tive properties since the right hand side Chommnkl is unknown. An arti-
ﬁce consists in introducing Pk
0 l0
kl and Q
m0n0
mn two tensors which do not
depend on the microscopic parameter y. Let us evaluate the prod-
uct ChommnklP
k0 l0
kl Q
m0n0
mn as follows,
ChommnklP
k0 l0
kl Q
m0n0
mn ¼
1
jY j
Z
Y
Cijpq½dkpdlqPk
0 l0
kl þ epqyðPk
0 l0
kl j
klÞ½dmi dnj Qm
0n0
mn
þ eijyðQm
0n0
mn w
mnÞdY
¼ 1jY j
Z
Y
Cijpq½Pk
0 l0
pq þ epqyðPk
0 l0
kl j
klÞ½Qm0n0ij
þ eijyðQm
0n0
mn w
mnÞdY 8wmn
2 H1perðYÞ ð26Þ
Let us introduce xk
0 l0 and /m
0n0 be two unknowns equal to
ðPk0 l0kl jklÞ and ðQm
0n0
mn w
mnÞ respectively. It is veriﬁed that both only de-
pend on microscopic parameter y since Pk
0 l0
kl and Q
m0n0
mn are constant
tensors. Then, Eq. (26) can be expressed as follows,
ChommnklP
k0 l0
kl Q
m0n0
mn ¼ Chomijpq Pk
0 l0
pq|ﬄﬄﬄﬄ{zﬄﬄﬄﬄ}
Rk
0 l0
ij
Qm
0n0
ij
¼ 1jY j
Z
Y
Cijpq½Pk
0 l0
pq þ epqyðxk
0 l0 Þ½Qm0n0ij
þ eijyð/m0n0 ÞdY 8/mn
2 H1perðYÞ ð27Þ
From Equations (12) and (16), one can notice that Rk
0 l0
ij tensor is
similar to the stress one ~r0ij. After renaming k
0
; l0;m0 and n0 variables
into k; l;m and n, Eq. (27) leads to the following variational
formulation,
Find ðxkl; PklpqÞ 2 H1perðYÞ  L2 such that
1
jYj
R
Y Cijpq½Pklpq þ epqyðxklÞ½Qmnij þ eijyð/mnÞdY ¼ Rklij Qmnij
8ð/mn;Qmnij Þ 2 H1perðYÞ  L2 & i; j; k; l;m;n;p; q 2 f1;2;3g8
8><
>:
ð28Þ
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rectly provides the compliance tensor which is the inverse of the
effective stiffness tensor Chomijkl . Indeed, we have,
Chomijpq P
kl
pq ¼ Rklij ð29Þ
The choice of Rklij is independent from C
hom
ijpq and P
kl
pq. Conse-
quently, we consider the identity tensor dki d
l
j for which P
kl
pq is the
effective compliance tensor. Thus, the variational formulation
(28) directly provides homogenized coefﬁcients. Practically, 6 kl
independent systems in 3D (3 in 2D) have to be solved to com-
pletely determine Pklpq tensor.
2.4. Optimization problem
Some bilinear (a) and linear (b) forms can be associated to the
variational formulation (28) as follows,
aðð/mn;Qmnpq Þ; ð/mn;Qmnij ÞÞ ¼
1
jYj
Z
Y
Cijpq½Qmnpq þ epqyð/mnÞ½Qmnij
þ eijyð/mnÞdY ð30Þ
and,
bðð/mn;Qmnij ÞÞ ¼ ðð0kl; dki dljÞ:ð/mn;Qmnij ÞÞ ¼ dki dljQmnij ð31Þ
Continuity and coercivity of the symmetric bilinear form a, and
continuity of the linear form are checked out without difﬁculty
knowing the positivity of Cijpq and dki d
l
j. Consequently, we satisfy
the hypotheses of the Lax–Milgram theorem, and we obtain exis-
tence and uniqueness of the solution of the variational formulation
(28). The solution ðxkl; PklpqÞis obtained from the following optimi-
zation problem,
ðxkl; PklpqÞ ¼ Arg min
ð/mn ;Qmnij Þ2H1per ðYÞL2
J ð/mn;Qmnij Þ ð32Þ
where J ð/mn;Qmnij Þ is a convex function the expression of which is
as follows,
J ð/mn;Qmnij Þ ¼
1
2
aðð/mn;Qmnpq Þ; ð/mn;Qmnij ÞÞ  bðð/mn;Qmnij ÞÞ ð33Þ2.5. Finite element discretization
A ﬁnite element discretization is built from variational formula-
tion (28) to solve the optimization Problem (32). First local strain
tensor eijyð/mnÞ is discretized as ½e,
½e ¼ B½/ ð34Þ
hence we have,
½xt 1jYj
Z
Y
BtCBdY|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
K
½/ þ ½Pt 1jYj
Z
Y
CBdY|ﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄ}
KEt
½/
þ ½xt 1jYj
Z
Y
BtCdY|ﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
KE
½Q  þ ½Pt 1jY j
Z
Y
CdY|ﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄ}
E
½Q 
¼ I6½Q  ð35Þ
where I6 is the 6 6 identity tensor. K is the local stiffness
tensor and E represents the mean of properties obtained without
taking into account the corrective terms related to the micro-
structure. KE represents the coupling between both previous ten-
sors. Finally the discretization leads to the following matrix
system,
K KEt
KE E
" #
xkl
Pklij
" #
¼ 0
kl
dki d
l
j
" #
ð36ÞThe resolution of the previous matrix system is numerically
performed for each kl problem. This directly provides Pklij which is
the effective compliance tensor.3. Domain decomposition methods
Adaptations of Schur complement and FETI-1 methods are set
up to yield homogenized elastic properties according to the dou-
ble-scale homogenization. First both generation and partitioning
of RVEs are described. Second a description of both modiﬁed meth-
ods is provided.
3.1. Generation of RVEs and partitioning
2D square RVEs are generated according to a random draw of
a complete set of parameters. Each one corresponds to a mor-
phological feature of the ﬁbres, namely the length, diameter, ori-
entation and spatial location. We suppose no curvature and the
overlapping between two or more ﬁbres is allowed. A prelimin-
ary treatment of each representative pattern enables one to en-
sure the periodicity of the cell. A direct mesh generation
according to the boundaries of the network of heterogeneities
is difﬁcult because of its strongly entangled form. Hence, we pre-
ferred to use the model with an n-order approximate geometry
to build meshes (Leclerc et al., 2012; Leclerc et al., 2013). Such
a concept is suitable in the framework of domain decomposition
due to the uniformity of the mesh. The main drawback of a dou-
ble-scale process is intimately connected to the issue of the re-
quired size of RVEs. Two strategies are possible to choose the
dimensions of the cell. We can set up either a small number
of large patterns or a large sample of small ones. Some investi-
gations exhibited that the second paradigm is more efﬁcient in
the present framework (Leclerc et al., 2013). However it turns
out that the calculation cost is sometimes prohibitive whatever
the choice of strategy is. The drawback is more noticeable when
the density of ﬁbres is important or the spatial distribution is
inhomogeneous for which a higher minimum size of RVE is
required.
A possible way to reduce the calculation cost is to subdivide
the representative patterns and consider a parallel computing in
the framework of domain decomposition. In the present work,
the partitioning is performed by evenly subdividing RVEs into
several square subdomains. Such a kind of process is realized
without remeshing or, roughly speaking, by splitting the initial
grid according to the boundaries of each domain. A subsequent
treatment on the boundaries enables one to ensure the continu-
ity of the medium on the inner interfaces. The similarity be-
tween the RVE and each subdomain leads us to denote them
as sub-RVEs. Fig. 1 illustrates an example of partitioning of an
RVE into four sub-RVEs. One can notice that we consider non-
overlapping domains and both the periodicity and the continuity
at the interfaces are checked out. Ci designates the set of inner
boundaries, and Co the set of outer boundaries. C ¼ Ci \ Co rep-
resents the gathering of both previous sets. Xn represents the
area of the n-th subdomain.
3.2. Schur complement method
In a ﬁrst approach, we consider the primal Schur complement
method (Agoshkov and Lebedev, 1985) to evaluate effective
properties of the composite material. The method is adapted to
take into account additional terms related to homogenized coef-
ﬁcients. The process consists in reducing the initial problem to
the interface one taking into account both the outer and inner
boundaries, and the effective coefﬁcients. The initial problem
Fig. 1. Partitioning of an RVE into four sub-RVEs
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framework of domain decomposition. Thus, in the hypothesis
of a subdivision into N sub-RVEs, K stiffness matrix is rewritten
as follows,
ð37Þ
Thus Stiffness matrix K is split into several Ki matrices for
which i corresponds to the number of the subdomain. Ki is only
composed of inner contributions. Indeed, interface contributions
are gathered together in a KCi matrix for which C designates
indistinctly both outer and inner interfaces. One must keep in
mind that each interface node is only numbered once whatever
the number of subdomains it belongs to. Moreover, KE;xkl and
0kl are then as follows,
KEt ¼
KEt1
..
.
KEti
..
.
KEtN
KEtC
2
666666666664
3
777777777775
xkl ¼
xkl1
..
.
xkli
..
.
xklN
xklC
2
666666666664
3
777777777775
0kl ¼
0kl1
..
.
0kli
..
.
0klN
0klC
2
666666666664
3
777777777775
ð38Þ
where xkli is the microscopic displacement related to the ith sub-
domain, and xklC the one related to the nodes located on the
boundary C. The renumbering is easily performed whatever is
the number of sub-RVEs. Thus, in the example of Fig. 1 forwhich we consider 4 ones, the renumbered matrix system is as
follows,
K1 0 0 0 K
t
C1 KE
t
1
0 K2 0 0 K
t
C2 KE
t
2
0 0 K3 0 K
t
C3 KE
t
3
0 0 0 K4 K
t
C4 KE
t
4
KC1 KC2 KC3 KC4 KC KE
t
C
KE1 KE2 KE3 KE4 KEC E
2
666666664
3
777777775
xkl1
xkl2
xkl3
xkl4
xklC
Pklij
2
6666666664
3
7777777775
¼
0kl1
0kl2
0kl3
0kl4
0klC
dki d
l
j
2
66666666664
3
77777777775
ð39Þ
One can notice that E, the average of properties without correc-
tive terms directly appears without being subdivided. Indeed, let
us introduce Ei the counterpart of E for the i-th subdomain. We
have,
Ei ¼ 1jXij
Z
Xi
CdY ð40Þ
however,
E ¼ 1jXj
X
i
Z
Xi
CdY ¼ 1jXj
X
i
jXijEi ð41Þ
Thus the renumbering leads to directly take into account E ten-
sor as the average of Ei tensors. Such decomposition directly pro-
vides Pklij which corresponds to the effective compliance tensor
associated to the complete domain. System (39) is subsequently
reduced to an interface problem via the Schur complement matrix
S. The purpose is to decrease the number of unknowns to the sum
of the degrees of freedom on the boundaries, and the number of
homogenized terms. The new system is as follows,
SuC ¼ ~fklC
S ¼ ~KC 
X
i
~KCiK
1
i
~KtCi
8<
: ð42Þ
where expressions of ~KCi; ~KC;~fklC and uC are as follows,
~KCi ¼
KCi
KEi
 
~KC ¼ KC KE
t
C
KEC E
" #
~fklC ¼
0kl
dki d
l
j
" #
uC ¼
xklC
Pklij
" #
ð43Þ
System (42) is ﬁnally solved by an iterative method, such as a
preconditioned conjugate gradient one, and homogenized coefﬁ-
cients are directly estimated for each kl problem.
3.3. Mixed FETI-1 and Schur complement method
In a second approach, we consider an adaptation of the FETI-1
method (Fahrat and Roux, 1227; Fahrat and Roux, 1994) in the
framework of the double-scale homogenization. The method is
dual to the Schur complement one in the sense that the constraints
are formulated in Lagrange multipliers and not in displacements
on the boundaries. In the present work, we consider the basic form
of the process called FETI-1. Several modiﬁcations have to be per-
formed to adapt the method in the framework of the double-scale
homogenization. First, the hypothesis of periodicity prevents the
setting up of a complete dual problem. Indeed, such a boundary
condition leads to an excessive number of rigid body modes when
taken into account by Lagrange multipliers. A possible way to get
round the drawback is to rewrite the problem in another base what
involves the appearance of unsuitable coupling terms between
subdomains. Our choice is to write the periodicity on the outer
boundaries Co by considering the displacements without duplicat-
ing the nodes like the Schur complement method. Hence, we talk
about a mixed FETI-1 and Schur complement method since the in-
ner connections are taken into account by Lagrange multipliers and
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the homogenized coefﬁcients have to be considered. The terms
are added to the tensor describing the connections on the outer
boundaries and consequently treated in the same way as in the
Schur complement method. Finally, the only connections of inner
boundaries are described by Lagrange multipliers. Thus, the initial
problem is described by the following renumbering of the matrix
system (36),
K1 0 0 0 K
t
Co1 KE
t
1 C
t
1
0 K2 0 0 K
t
Co2 KE
t
2 C
t
2
0 0 K3 0 K
t
Co3 KE
t
3 C
t
3
0 0 0 K4 K
t
Co4 KE
t
4 C
t
4
KCo1 KCo2 KCo3 KCo4 KCo KE
t
Co O
t
CiCo
KE1 KE2 KE3 KE4 KECo E O
t
CiE
C1 C2 C3 C4 OCiCo OCiE OCi
2
666666666664
3
777777777775
xkl1
xkl2
xkl3
xkl4
xklCo
Pklij
kkl
2
6666666666664
3
7777777777775
¼
0kl1
0kl2
0kl3
0kl4
0klCo
dki d
l
j
0klCi
2
66666666666664
3
77777777777775
ð44Þ
Stiffness matrix K is split into several Ki matrices in the
same manner as seen in the Schur complement method. Each
Ki matrix takes into account only inner contributions. Indeed
outer interface contributions of the i-th subdomain are repre-
sented by KCoi matrix. Inner interface contributions are taken
into account by Lagrange multipliers associated with linear rela-
tions which are provided by Ci matrix. Ci designates the signed
matrix of connections composed of 1. KEi represents coupling
terms between Ki and Ei the expression of which is identical
to Eq. (41). One can notice that E the mean of properties with-
out corrective terms is not split because of the linearity of Ei
tensors. xkli is the microscopic displacement of the i-th subdo-
main, and xklCo the one related to outer interfaces. k
kl is the vec-
tor of Lagrange multipliers. The renumbering leads to a direct
evaluation of Pklij the effective compliance tensor associated to
the complete domain. As a result System (44) can be rewritten
as follows,
K1 0 0 0 R
t
1
0 K2 0 0 R
t
2
0 0 K3 0 R
t
3
0 0 0 K4 R
t
4
R1 R2 R3 R4 KR
2
6666664
3
7777775
xkl1
xkl2
xkl3
xkl4
Kkl
2
6666664
3
7777775 ¼
0kl1
0kl2
0kl3
0kl4
fklR
2
66666664
3
77777775
ð45Þ
where the expressions of Ri;KR; f
kl
R and K
kl are as follows,
Ri ¼
KCoi
KEi
Ci
2
64
3
75KR ¼
KCo KE
t
Co O
t
CiCo
KECo E O
t
CiE
OCiCo OCiE OCi
2
64
3
75fklR ¼
0klCo
dki d
l
j
0klCi
2
664
3
775Kkl ¼
xklCo
Pklij
kkl
2
664
3
775
ð46Þ
Ri is an interconnection matrix which takes into account the
connections on both outer and inner boundaries for each subdo-
main i. KR represents the matrix of connections between nodes lo-
cated on outer boundaries. Kkl is the vector of solutions and fklR is
restricted to an identity tensor on the homogenized coefﬁcients.
System (45) cannot be directly solved by a conjugate gradient be-
cause of ﬂoating subdomains. An interface problem has to be per-
formed for which a second level of multipliers is provided by nrbm
rigid body modes Fahrat and Roux, 1994, where nrbm ¼ 3 in 2D and
6 in 3D. We have,
FI GI
GtI O
 
Kkl
akl
" #
¼ f
kl
R
0kl
" #
ð47Þwhere,
FI ¼ KR 
X
i
RiK
þ
i R
t
i
GI ¼ ½R1B1 . . .RnnfdBnnfd 
8<
: ð48Þ
FI corresponds to the tensor of connections on both outer and
inner interfaces. GI stores the traces of rigid body modes and akl
is an ampliﬁcation vector of the same rigid body modes. Kþi is a
generalized inverse meaning either a pseudo-inverse, if Xi is a
ﬂoating subdomain, or else a classical one. nnfd is the number of
ﬂoating domains. One must keep in mind that a subdomain i is
called ﬂoating if Ci \ Co ¼ ; where Ci represents its boundaries.
Bj (j 2 ½1;nnfd) is the rigid body modes matrix related to the j-th
ﬂoating subdomain. The interface system is solved by a precondi-
tioned conjugate projected gradient as in a classical FETI method
and leads to a direct calculation of the homogenized coefﬁcients
for each kl problem.
3.4. Preconditioning
Gradient methods are performed to solve the interface problem.
Such iterative processes are costly and require a preconditioning to
speed up the convergence. A classical preconditioner for a primal
domain decomposition resolution is the one of Neumann–
Neumann’s type. Its related condition number is bounded by
Oðð1þ logðH=hÞÞ2Þ, where the ratio H=h corresponds to the ratio
between the dimensions of a subdomain and the size of elements.
This latter is suitable in the framework of a homogenization
process but turns out to be really expensive due to the non-zero
number within each submatrix Ki. In addition, this latter only
focuses on the local Schur complement Si ¼ ~KCiK1i ~KtCi regardless
of ~KC which contains E the average stiffness tensor and the main
corrective terms related to the heterogeneities. That is why we
prefer the cheaper following preconditioner MS for which more
emphasis is placed on ~KC,
MS ¼ ~KC 
X
i
~KCiðKdi Þ1 ~KtCi ð49Þ
where Kdi is the matrix composed of the diagonal terms of Ki. In the
case of the mixed FETI-1 and Schur complement method, its two-
fold nature prevents the use of classical FETI preconditioners as
Dirichlet (Fahrat and Roux, 1994) and lumped (Fahrat et al., 1994)
ones. Cheap preconditioners are then difﬁcult to set up and often
exhibit a low efﬁciency. This conclusion leads us to investigate
the only Schur complement method in the sequel. The next section
is dedicated to numerical tests for which preconditionerMS is used.
4. Numerical results
Parallel algorithms of the two proposed methods have been
implemented in C++ language with MPI libraries. The present sec-
tion provides some numerical results in both reliability and efﬁ-
ciency for the Schur complement’s one. First effective elastic
properties are sequentially assessed and compared with a direct
calculation without domain decomposition. Second the speed-up
criterion is estimated for different numbers of subdomains.
4.1. Framework
A set of unit RVEs, for which the ﬁbres are randomly oriented
and spatially distributed, is set up. The length and the width of
each heterogeneity are set at 1=12 and 1=240 the size of the RVE
which is adimensional, respectively. These values are chosen in or-
der to check out a minimum ratio between the size of RVEs and the
dimensions of each ﬁbre. Indeed this point is crucial to ensure the
Fig. 2. Inﬂuence of the density of ﬁbres on the effective Young’s modulus: case of a
domain decomposition method
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introduced by the boundary conditions (Sab, 1992; Ostoja-Starzew-
ski, 1998). Each inclusion is supposed straight without curvature. In
addition, the overlapping between two or more ﬁbres is allowed so
that the network of heterogeneities is strongly entangled. The num-
ber of realizations is evaluated according to the methodology de-
scribed by Kanit et al. (2003) and Pelissou et al. (2009). This
strongly depends on the ratio between the size of the RVE and the
length of each reinforcement, the density of ﬁbres, the contrast of
properties, thematerial conﬁguration and an expected relative error
which is set at 0.002 % in the present case. Consequently, an assess-
ment is realized for each investigated density of ﬁbres since this one
is, in the present study, randomlydrawnbetween0 and30ﬁbres per
unit cell. Such a range of values corresponds to an area fraction of be-
tween 0 and 25 %. Thus, for information purpose, the overall number
of realizations is 100. Moreover, each RVE is subdivided into several
non-overlapping sub-RVEs for which both the continuity of the
medium and the hypothesis of periodicity are checked out. One het-
erogeneity can be located on several domains and crosses several in-
ner and outer boundaries. An initial mesh is then generated
according to the concept of 0-order approximate geometry. In other
words,we consider quadrangular elements the sizeofwhich is equal
to the diameter of the heterogeneities. The 0-order model leads to
inaccurate results in comparison with an n-order greater than 1.
The choice is mainly motivated by its convenience for generating
RVEs with an acceptable quality and a reasonable calculation time.
More details about the effects of the geometric approximation are
provided in Leclerc et al. (2012) and Leclerc et al. (2013). After par-
titioning the domain, elastic properties are assessed with the help
of the Schur complement method by double-scale homogenization.
Homogenized elastic properties are ﬁnally obtained by taking the
average of the complete set of results. Each ﬁbre is supposed to fol-
low a transverse isotropic behavior law. The longitudinal and trans-
verseYoung’smodulus are set at 1050 and600 GPa respectively. The
shear modulus is set at 450 GPa. The matrix is an isotropic polymer
resin with Young’s and shear moduli set at 4.2 and 1.55 GPa respec-
tively. We deliberately choose a high contrast of properties to max-
imize the conditioning of the matrix in the iterative resolution.
4.2. Reliability
In a ﬁrst approach some tests are performed to check out the
reliability of both proposed domain decomposition methods in
the framework of random ﬁbre composites. We consider the previ-
ous hypotheses and subdivide each RVE into 4, 9, 16 and 36 sub-
RVEs. First, the basic idea consists in assessing homogenized elastic
properties for each partitioning. Second a comparative study is
done to validate the methods. Fig. 2 exhibits the evolution of the
effective Young’s modulus depending on the density of ﬁbres for
the different levels of partitioning. Mean curves represent the re-
sults obtained from the Schur complement method, and symbols
depict some values estimated with the help of the mixed FETI-1
and Schur complement method. Conﬁdence intervals are not rep-
resented since these ones are too small to be noticeable. A compar-
ison is realized with a classical calculation performed on the same
set of representative patterns without partitioning (curve in black).
One must keep in mind that we keep the same grid of quadrangu-
lar elements for the complete domain whatever the level of subdi-
vision is. The mesh of each subdomain then results from the
splitting of the latter. Thus, the total degrees of freedom number
is constant and independent of the number of sub-RVEs. Con-
versely the nodes number for each subdomain is reducing with
increasing partitioning. Results exhibit three main points. First,
both domain decomposition methods lead to the same values
whatever the number of subdomains and the number of ﬁbres
are. Second, one can notice a quite good consistency of both meth-ods according to the degree of partitioning. Indeed all curves ﬁt to-
gether. Third, the greater both the number of ﬁbres and
subdomains are, the more noticeable some discrepancies are. Thus,
a comparison between the calculation realized with 36 subdo-
mains and the calculation performed without partitioning, for a
density of ﬁbres set at 30, yields a relative error of 3.39%. The
gap could be related to the preliminary treatment of the connec-
tions on the inner boundaries. Indeed the process replaces the
labeling of several quadrangular elements from matrix to ﬁbre in
order to ensure the continuity of the medium, and could conse-
quently overestimate the homogenized coefﬁcients. A direct calcu-
lation is set up to check out this hypothesis. This one is based on
the following assumption, domain decomposition methods are
not used but meshes are modiﬁed and treated in the same way
as in the context of a partitioning. Thus, we generate and associate
5 meshes to each RVE in the prospect of a comparative survey with
the previous outcomes seen in Fig. 2. Each mesh corresponds to a
‘‘virtual’’ partitioning into 1, 4, 9, 16 and 36 subdomains respec-
tively. Fig. 3 exhibits the evolution of the effective Young’s modu-
lus depending on the density of ﬁbres in the conﬁguration of the
direct calculation. One can notice that the discrepancies are very
similar. This observation conﬁrms the hypothesis of the critical im-
pact of the treatment of continuity. Other surveys the results of
which are not provided in the present paper, highlight that its im-
pact strongly depends on the contrast of properties, the coarseness
of the initial grid and the number of subdomains. However, except
this issue, results are globally quite stationary and highlight the
consistency of both domain decomposition methods when the ﬁ-
bres are strongly entangled and the contrast of properties is high.4.3. Efﬁciency
Domain decomposition efﬁciency is investigated in the frame-
work of the assessment of effective elastic properties of random ﬁ-
bre composites. We consider the 0-order approximate geometry
for the mesh and the modiﬁed Schur complement method for the
domain decomposition resolution. In a ﬁrst approach, we set up
a comparative study between three kinds of calculations: (1) the
direct one, which is performed without subdividing the initial
RVE, (2) the sequential domain decomposition and (3) the MPI par-
allel domain decomposition. In the last case, one must keep in
mind that we associate one sub-RVE with one processor. Thus,
Fig. 3. Inﬂuence of the density of ﬁbres on the effective Young’s modulus: case of a
direct method
Fig. 5. Inﬂuence of the density of ﬁbres on the CPU time for 9 sub-RVEs
Fig. 6. Inﬂuence of the number of sub-RVEs on the CPU time
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sample of 100 unit RVEs is built according to the hypotheses of the
subSection 4.1. Each is based on an initial grid composed of 57600
quadrangular elements. Figs. 4 and 5 depict the evolution of the
calculation time depending on the density of ﬁbres for 4 and 9
sub-RVEs respectively. The provided CPU time corresponds to the
mean one to generate an RVE and evaluate associated elastic prop-
erties. The computations are performed with Intel Westmere EP @
2.8 GHz processors. First, one can notice that the CPU time be-
tween the direct calculation and the sequential domain decompo-
sition one is only reduced when the density of ﬁbres is important.
Consequently, this observation combined to the previous one re-
lated to the reliability issue leads to conclude that a domain
decomposition approach is suitable to study composite materials
based on a strongly entangled network of ﬁbres. Second the efﬁ-
ciency of the method is widely improved by an MPI parallel calcu-
lation whatever the density of heterogeneities is. Thus the beneﬁt
of a parallel calculation is checked out independently of the com-
plexity of the ﬁbre network despite the high contrast of properties.
This highlights the robustness of the method. Finally the calcula-
tion time is reduced between a subdivision into 4 and 9 subdo-
mains respectively. Accurate results are provided by Fig. 6 toFig. 4. Inﬂuence of the density of ﬁbres on the CPU time for 4 sub-RVEsemphasize this point. The graph exhibits the evolution of the
CPU time depending on the number of sub-RVEs. Subdivisions into
1, 4, 9, 16 and 36 subdomains are considered. One can observe that
the calculation time is reducing well when the number of sub-RVEs
is less than 9 but a stagnation is subsequently noticeable.
The last observation leads to the question of the parallel efﬁ-
ciency which can be estimated with the help of the speed-up crite-
rion. This latter corresponds to the ratio between the sequential
calculation time and the parallel one (Amdahl, 1967). Fig. 7 exhib-
its the evolution of the speed-up criterion depending on the num-
ber of processors. The continuous line in black corresponds to the
ideal speed-up criterion which is equal to the number of proces-
sors. 4 other curves are drawn, namely,
 a blue1 dashed line depicts the values obtained with the help of
the 0-order model and 1-by-1 RVEs,
 a red dotted curve illustrates the results obtained with the help
of the 0-order model and 2-by-2 RVEs,
 a pink dashed and dotted curve shows the results obtained with1 For interpretation of color in Fig. 7, the reader is referred to the web version o
this article.f
Fig. 7. Inﬂuence of the number of processors on the speed-up criterion
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 a green dashed and dotted line illustrates the results obtained
with the help of the 0-order model and 1-by-1-by-1 RVEs in a
3D framework.
Each assessment is realized using a set of a hundred of RVEs ex-
cept for the 3D case for which 20 RVEs are used since numerical
calculations are much more costly. Results highlight that the
speed-up criterion is only about 1 when the number of sub-RVEs
is less than 9. In fact, it turns out that the drawback is related to
the communication time between processors which becomes too
important when both the number of processors is growing and
the size of each sub-RVE is reducing. A fast calculation exhibits that
the mesh of each sub-RVE has only 1600 nodes when we consider a
subdivision into 36 sub-RVEs and a 2D unit (or 1-by-1) RVE. Other
results obtained with 2D 2-by-2 RVEs lead to an improved behav-
ior of the speed-up criterion. We assume that the larger the initial
RVEs are the better the criterion is. Consequently the parallel efﬁ-
ciency of the modiﬁed Schur complement method strongly de-
pends on the initial degrees of freedom number. This latter must
be sufﬁciently important to ensure the relevance of a high level
of partitioning. Effects of the geometric approximation are consid-
ered by a comparison between 0-order and 1-order models. One
can notice that parallel efﬁciencies obtained with the 1-order mod-
el and a set of 2D 1-by-1 RVEs are quite close to the ones exhibited
in the case of the 0-order model and a set of 2D 2-by-2 RVEs. This is
due to the number of elements of the initial mesh which is the
same for both cases. However, a small gap is noticeable and could
be related to the difference of structure between both models. Fi-
nally, some results are provided in the context of 3D simulations
for which the calculation time is prohibitive in a sequential ap-
proach. For example, a sequential calculation performed in order
to generate and treat a 3D 1-by-1-by-1 RVE takes about 4 hours
to be completed. Results highlight a behavior quite close to the
one observed for 2D calculations. Consequently, no dimensional ef-
fect is exhibited in the present study.
5. Conclusion
A domain decomposition framework to evaluate effective elas-
tic properties of random ﬁbre composites has been investigated.
Two methods have been proposed: the modiﬁed Schur comple-
ment and the mixed FETI-1 and Schur complement one. Both pro-
cesses take into account additional terms related to the double-scale homogenization and directly yield effective coefﬁcients.
Numerical investigations have led to check out their reliability
but the convergence speed of the second one is foiled by the lack
of a cheap and efﬁcient preconditioner. However, in the ﬁrst case,
MPI parallel computational tests have exhibited a drastic reduction
of the calculation cost. A survey based on the speed-up criterion
has highlighted the strong inﬂuence of the initial grid size on the
optimum choice of partitioning.
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